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Direction Field, First Order ODE

u=F(x,y) F maps (x,y) to u

f'(x)=F(x,y) Fmaps (xy) to f(x)

the derivative of f(x) at x

The slope of the tangent
line at (x, f(x))

First Order ODE Find solution dy _ (x ) where the first derivative y' is given
y=f(x) dx g\x,y by some formula g(x,y) containing
variable x, y

Direction Field A 2-d plot of glx,y)= dy Now, it also can be viewed
Slope Field y'=f'(x) d x as a function
at (x, y) g maps (x,y) to f(x)
' Young Won Li
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Euler's Method

F(x,y)=f"(x) y = f(x)
//
/// \\\,///
h h h
(x4 1) X, =X = dx = h
(Xo’ YO) Yi— Yy = dy = f'(X)dX — F(Xo’ .VO)dX

/ Yi = Yo T F<X0’J’0)h

dy = f'(x)dx Yier — Vi t F(xi’yi)h
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Types of First Order ODEs
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Types of First Order ODEs

A General Form of First Order Differential Equations

dy _
d x

oo y' =|glx,y)

Separable Equations

%%=a@MJﬂ y' = g,(x)g,(y) y =f(x)
Linear Equations

0,(x) 2L + a,(x)y = gl a,(x)y" +a,(x)y = g(x) y={lx)
Exact Equations

M(x,y)dx + N(x,y)dy = 0 g—idx +g—;dy=0 2= f(x.y)
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Separable First Order ODEs
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Separable ODEs

A General Form of First Order Differential Equations

Z_y:g(x,y) y' =|g(x,y)
Separable Equations
2 = 6,(x)g.() y' = 9,(x)g.(y) y=f(x)
1 d 1 _
gz(y)d_izgl(x) e.0)7 ~ 9 ¥
! | ! | ! | ! |
py)SLE alx) ply)y'|= aly

Young Won Lim
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Solving Separable ODEs (1)

P92 alx)
p(Y)% = q(x)

d
p(y) g dx= qlx)dx
X

ply)dy = q(x) dx

| p(y)dy = | q(x)dx

[ py)dy= [ alx)dx

First Order ODEs (1A)
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y = flx) |
/not a ratio

df
dy = =-d
Y dx X

| ply)dy

includes a constant

fq(x)dx

includes another constant

implicit function y

Young Won Lim
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Solving Separable ODEs (2)

d , given a composite function
P(J’)d_i/ = Q(X) P(J’)y = Q(X) p(y(x)) find y=f(x)

P(y)=[ply)dy +c,

%[P(y)h p(y)

dd—y“p(y) dy+cl}-g—i:: q(x) %HP()’) dy+cl]-y': q(x) %[P(M%: alx)
d% [p(y)dy+clE alx) % [p(y)dy+eE alx) e POI-= aly
[ p(y)dy = [ qlx)dx [ p(y)dy = [ q(x)dx
ply)= % [ ply)dy+c]
[ p(y)dy= | aqlx)dx J p(y)dy = [ qlx) dx
P(y) = Q(x) + C P(y) = Q(x) + C
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Linear First Order ODESs
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Homogeneous and Particular Solutions

Standard Form of First Order ODEs

d x

152+ p(x)y =Ql

1y'+P(x)y = Q(x)

e
/

4Y 4 px)y
dx

=0

AN

4Y 4 pix)y
dx

Q(x)

The Homogeneous Differential Equation

y'+P(x)y =0

The Nonhomogeneous Differential Equation

y'+P(x)y =Q(x)

total solution

y:yh+yp

homogeneous solution

Y= fh(x)

the common part of the
solutions of many different
differential equations whose
homogeneous DE's are the
same

y,=f,(x)

the particular solution of a
specific differential equation,
excluding common part of the
solution

First Order ODEs (1A)
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Three Different Linear ODES

EQ1

47 pixly=0ly <— Pary=o) -— [+ y,
J o

d_i/+P(X)y:0 ﬁ

EQ2

Z—i +P(x)y = R(x) 4— Z—i} +P(x)y=R(x)

d o

d—':+P(X)y:0 ﬁ

EQ 3

Z—i’+P(x)y=S(x) <— %*P<X)y:5(x> ~ + Yh
44 plx)y=0 Yh
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Integrating Factor

homogeneous solution

d

d_i/"'P(X)y:O y'+P(x)y =0 y, = f,(x)
y = Ce_J'P(X)dX y = Ce—f P(x)dx

Yn=CV1 Y= CV1

Integrating factor

_[ P(x)dx —[ P(x)dx 1_ +| P(x)dx
ylzefP()d ylzefP()d :> 1 _

Y1
v, =ulx)y, y,=ulx)y,
F w w particular solution
dff +P(x)y,=Q(x) ¥, + Plx)y,=Q(x) Y, =f,x)
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Total Solution

2L p(x)y =@l

‘ T
total solution

Y1 —¢€

—f P(x)dx

cy, +ulx)y, u(x)y,
homogeneous solution particular solution
[ P(x)dx _fex)dx | + [ P(x)dx
ced vl ! -f[Q(x)-ef dx
Integrating factor
CY
4
dy +P(x)y =0
dx

First Order ODEs (1A)
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Method of Solving First Order ODEs

d
d_i""P(X)y:Q(X) y'+ P(x)y =Q(x) y = f(x)
[t Ps, % +P(x)y = [er2ta] o ) )= o] Plxlan ;1 _ ot Plas

dx |dx
[e+jp(x) }Zi+C;ixle+fp(x)dx}y:%[e+fP(x)dx.y}
i[ +fp(x)d] :[e+fp(x)dJQ(X)
dx f'(x)g(x) + f(x)g'(x)
J A eteonly] = (6975 gt
[ty = let™ oty aere | ylo=ee T I [ o) e ax
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Exact First Order ODESs

First Order ODEs (1A) 18 Young Won Lim

3/30/15



To be exact

to be exact of of
P(x,y)dx + Q(x,y)dy = df > df = ZLdx + ZXdy
0 X oy
_of _ of oP o°f 6Q o f
P _ 9F _ 4 _
x.y) 0X Qlx.y) oy oy 0y oX 0 X 0XO0y
of of 9&°f  d*f alldefined and - 8P _ 8Q
ox’ 8y’ oxoy’ oyox continuous oy O X
P(x,y)dx + Q(x,y)dy - 2£_29
is an exact (total) differential oy 0X
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Exact Equations (1)

Exact Equations
M(x,y)dx+ N(x,y)dy =0 2—£dx+%dy=0 z="f(x,y)
2—)’:=M(x,y) %=N(><,y> %=M(X>E>
f(x):fM(x)dx+c

Ig—idx:fM(x,y)dx+c fg—;dy:fN(x,y)dy+c

f(x,y)=[ M(x,y)dx +g(y) f(x,y)= [ N(x,y)dy +h(x)

of _ of _

E—N(XY) a—X—M(XY)

—%IM(X y)dx+g'(y) =%IN(x,y)dy+h'(X)
g'(y)=N(x y)—%fM(x y)dx h'(x)=M(x y)—a—éfo(x,y)dy

First Order ODEs (1A) 20 Young Won Lim
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Exact Equations (2)

fx,y)= [ M(x,y)dx+g(y) f(x,y)= | N(x,y)dy +h(x)
g'(y)=N(x,y) —%fM(X,y)dx h'(x)=M(x,y) —a—ifN(x,y)dy
gly)=[g'(y)dy h(x)= [ h'(x)dx

:f N(x,y)—%fM(x,y)dx} dy :f M(x,y)—a—ﬁx-J‘N(x,y)dy dx

flx,y)= [ M(x,y)dx + flx,y)= [ N(x,y)dy +
J N(x,y)—%fM(x,y)dx dy J M(x,y)—a—i-fN(x,y)dy dx

First Order ODEs (1A) 21
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Exact Equations (3)

Exact Equations

0 0
M(x,y)dx+ N(x,y)dy =0 a—idx+£dy=o

N(x,y) —i_[M(x,y)dx

flx,y)=[ M(x,y)dx + |

0

flx.y)= [ N(x,y)dy + | M(x,y)—a—ax-fN(x,y)dy dx

flx.y) = [ Mlxy)des [NGxy)dy = [ m(x,y)dx dy J £ J oL ax ay
= x,y)dx — [ 2 [ N(x x 0 [Of 4 ax

flx,y)=[N(x,y)dy+ [ Mlx,y)dx = [ = N(x,y)dy d faaxfaydyd
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NonExact First Order ODEs
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Multiplying NonExact Equations by u(x)

NonExact Equations

oM ON
M(X:Y>dX+N<X:Y>dy:0 oy 7 B x Z:f(X:Y)
Exact Equations
w(x)M(x,y)dx +u(x)N(x,y)dy =0 a(gM) — a(gN) If we can find ()
y X

o(uM) _ 3(uN) o oM , ON

oy 0 X oy 0x
0 oM _ Ou ON du . _
M+us= = ZEN+us~ —=N = uM,—uN,
0y M@y 0 x o d x H¥y—H
oM du ON du M,—-N,
——— = -=N vy hall g
May dx +M8x dx N 3
duy o M _ N “generally  P(x,y)
B ) . d
dx 0y Ox _ sometimes P(X) d—z—P(X)M =0
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Multiplying NonExact Equations by

u(y)

NonExact Equations

M(x,y)dx+ N(x,y)dy =0

Exact Equations

M(J’)M<X,Y)dx + M(y)N(x,y)dy =0

ou oM _ ow 0N
—M+u— = N+u—-
oy M@y X M@x
ou _ ON oM
oy M@x M@y
du ON oM

oM ON

ay 7 aX Z:f(X,y)

a(“M) — a(MN) If we can find u(y)
oy 0 x

oM + ON

oy 0 x
d

Md—; = uN,—uM,

duw _ [N, M,

dy M :

“generally  P(x,y)

_ sometimes P(y) s g—?}—P(y)u =0

First Order ODEs (1A)
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Solving NonExact Equations

%[M(X)M(x,y)] = L lu(x)N(x,y)] %[M(X)M(x,y)] = L {u(x)N(x,y))
o M = Pl I
Py = 0 Pl =0

u(x) = cel P uly) = cel ™%

- s, o S,

w(x)M(x,y)dx +u(x)N(x,y)dy =0 w(y)M(x,y)dx +u(y)N(x,y)dy =0

First Order ODEs (1A) 26 Young Won Lim
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Substitution Method
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Substitution Method (1)

A General Form of First Order Differential Equations

* [ % |
%:g(x,y) y' =9(x,y)

y=hlou)  u=aly P
dy_@hdx_l_éhdu dz _of dx , 0f dy

— dt  oxdt oydt
dx Oxdx Oudx

dy _Jolipciaiin d—y:hx(x,u)+hu(x,u)d—u

dx O0x Oudx d x dx

dy _ _ dy _ _

——g(x,y) —g(X,h(X,Ll)) ——g(X,y) —g(X,h(X,Ll))

d x d x

glx,h(xu)) = 4 Chd glx,h(x,u)) = h(x,y)+h,(x,u)
0x Ou dx dx
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Substitution Method (2)

A General Form of First Order Differential Equations

a4y s

dx:

> <

y=h(x,u) u=d(x) ] y=nh(x,u) @ u=d(x)

dy oOhdx Ohdu y

= + = ux u= =
dx Oxdx Ou dx y X
dyzah_l_@hdu dy 6h+8hdu
dx Ox Oudx y'=u+xu’ dx Ox Ou dx
¥ g(x,y)] = glx.hlx,u) y'=glxux) = slu) y fm hixu)
X

s(u)=u+xu’
_ 0Oh  Ohdu ' du _ dx

g(x,h(x,u)) = 8X+au dx s(u)—u=xu s(u)—u_ X

First Order ODEs (1A) 29 Young Won Lim
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Substitution Method (3)

a new literal u is introduced
using old literals x and vy :
a new function of x

a new literal a function of x

_ Y
u=o(x) T

contains x and vy literals
(y is also a function of x)

the old literal y can be replaced by
a old literal a function of x and u the new literal u and the old literal x:
a new function of u and x

y:h(x,u) y=ux

First Order ODEs (1A) 30 Young o



Substitution Method (4)

(1) replace y’ Find y = f( )
dy  0h _0ohdu dy _
d x = ox 6x ou dx d x =9(x.y)
y'=u+xu' y=ux u:% 1
(2) replace y Find y = (I)(X) in
g(X’Y) _ g(X,h<X,U)) du
— = F(x,u)
dx
y'=glxux)=slw)  SL=gL

First Order ODEs (1A) 31 Young Won Lim
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Substitution Method (5)

dy:8h+6hdu
dx O0x Oudx

(1) replace y*

' p dy - oh N oh du
given d;’—F(x,u) dx 0x Oudx

(2) replace y

g(x,y) @ g(x,h(x,u))

First Order ODEs (1A) 32

Young Won Lim
3/30/15



Substitution Method (6)

A General Form of First Order Differential Equations

| | |
\ \
%:g(x,y) y' =g9(x,y) = y=hx, o(x))
1
y=hlx,u)  u=o(x)
1
g(x,h(x,u)) = 2_:4-%3_;1 g(x,h(x,u)) = hx(x,u)+hu(x,u)%
1
g, hlu) - 21 2 = g(x,hlxu)) = hy(x,u)] /b, (x,u)
1
% = |F(x, u) % = |F(x, u) - u=0(x)

First Order ODEs (1A) 33 Young Won Lim
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Homogeneous First Order ODEs
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Homogeneous Functions

A homogeneous function of degree o A homogeneous Equations of degree o
flex, ty) = t“f(x, y) M(x,y)dx+ N(x,y)dy =0

2 2 M(tX,ty) — taM<X; Y)
flx,y)=x"+y N(tx,ty) = t“N(x, y)
flex,ty)=(cx) +(ty)

=t (x +y’) M(x,y) = M(x,x-ylx) = x"M(1,y/x)

=t'f(x, y) M(x,y) = M(y-xly,y) = y"M(x/y,1)

N(x,y) = N(x,x-y/x) = x"N(1,y/x)

N
N(x,y) = N(y-xly,y) = y“N(x/y,1)

First Order ODEs (1A) 35 Young Won tim



Homogeneous Equations (1)

A homogeneous Equations of degree o

M(x,y)dx + N(x,y)dy =0

M(x,y) = x"M(1, y/x)
N(x,y) = x"N(1,y/x)

A homogeneous Equations of degree o

M(x,y)dx + N(x,y)dy =0

M(x,y) = y"M(x/y,1)
N(x,y) = y“N(x/y,1)

u = ylx y = ux v = xly X =Vy

x*M(1,y/x)dx + x*N(1,yl/x)dy = 0
M(1,u)dx + N(Lu)dy = 0

y“M(x/y,1)dx + y*N(x/y,1)dy =0
M(v,1)dx+N(v,1)dy =0

- 0 0 - 0 0
dy = 8X(ux)dx+ au(ux)du dx ay(vy)dy+ 6v(vy)dv
dy = udx + xdu dx = vdy + ydv

M(1,u)dx + N(1,u)(udx + xdu)=0 M(v,1)(vdy + ydv)+ N(v,1)dy =0

First Order ODEs (1A) 36 Young Won Lim

3/30/15



Homogeneous Equations (2)

A homogeneous Equations of degree o A homogeneous Equations of degree o

M(x,y)dx+N(x,y)dy:0 M(x,y)dx+N(x,y)dy=0

x*M(1,ylx)dx + x*N(1,ylx)dy =0

y“M(x/y,1)dx + y*N(x/y,1)dy =0
M (1,u)dx + N(Lu)dy = 0

M(v,1)dx + N(v,1)dy =0

u = ylx y

ux v = xly X =Vy

dy = udx + xdu dx = vdy + ydv

M(1,u)dx + N(1,u)(udx + xdu) =0 M(v,1)(vdy + ydv)+ N(v,1)dy =0

[M(1,u) +uN(1,u)]dx + xN(1,u)du=0 [vM(v,1)+ N(v,1)]dy + yM(v,1)dv =0

dx N(1,u)du . dy M(v,1)dv
+ =0 +
x [M(Lu)+uN(1,u)]

y [vM(v,1)+ N(v,1)] =0

First Order ODEs (1A) 37
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Homogeneous Equations (3)

M(x,y)dx+ N(x,y)dy =0
M(x,y) = x"M(1,y/x)
N(x,y) = x"N(1,y/x)

u=®(x)=ylx

y=h(x,u)=ux

dy = udx + xdu

dx N(1,u)du ~0

dy , _ oh oh|du +
ax T o ™ x [M(Lu)+uN(Lu)]

dy = udx + xdu

Young Won Lim
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Homogeneous Equations (4)

all are functions of x

y = flx) oyl = S BBl
= ux = d(x)x
u = ®(x) u(x) _ v,
u = ylx ulx) = yl(x)/x ’
y=u oyl = ulxa T
dy = udx + xdu

First Order ODEs (1A) 39 Young Won Lim
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Homogeneous Equations (5)

M(x,y)dx+ N(x,y)dy =0

M(X’y> = N(X,y) =
X“M(1,y/x) X“N(1,y/x)
u=®(x)=ylx

y=h(u,x)=ux

dy = udx + xdu

u:y/x y=ux
X u=y/x yxIx=y

dx N(1,u)du

x "ML+ uN(Lu)]

First Order ODEs (1A) (x.y) 40 ux) Young Won Lim
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Bernoulli's First Order ODEs
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Bernoulli's Equations (1)

Bernoulli's Equation Bernoulli's Equation

dy — n 1 n

o HPy = Qlxy y'+P(x)y = Q(x)y

Y P(x)y = Qlx)y ! = Qlx)y°

o PPy = Qlxy y'+P(x)y = Q(x)y

dy _ : _

Py = Qlx) n=0 y'+P(x)y = Q(x) n=0
Linear Equation Linear Equation

dy P(x)y = 1 : _ 1

o HPIx)y = Qlx)y y'+P(x)y = Q(x)y

d _

Y- Qly =0 n=1 y'+IP(x)-Qx)ly = 0 n=1
Linear Equation Linear Equation
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Bernoulli's Equations (2)

Bernoulli's Equation Bernoulli's Equation
d n n
d—i’+P(X)y = Q(x)y y'+P(x)y = Q(x)y
L p(x)L = olx) Ly + P2 = olx)
y" dx y y y
_H%J'P(X)yl_n = Qlx) y "y +Plx)y"" = Q(x)
— 1l-n @— — —nﬂ — ,1-n N . —n _
u=y dx—(l n)y e u=y u'=(1-n)y"y
1 du _ 1 : _
(1_n)a+P(x)u Q(x) (1_n)u +P(x)u = Q(x)
Lt (1=n)P(x)u = (1-n)Q(y u'+(1-n)P(x)u = (1-n)Q(x)
X

Linear Equation Linear Equation
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